Introduction
Infinite rank vector bundles often appear in mathematics and mathematical physics. As one example, tangent bundles to spaces of maps Maps(N, M) from one manifold to another are important in string theory and in formal proofs of the Aityah-Singer theorem on loop spaces. In addition, gauge theories use bundles associated to the basic fibration A −→ A/G of connections to connections modulo gauge transformations. Usually one focuses on finite dimensional associated moduli spaces to produce Gromov-Witten invariants and Donaldson/Seiberg-Witten invariants.
In this paper, we discuss the construction of characteristic classes directly on these infinite rank bundles and their applications to topology. The main results are the construction of a universal A-polynomial and Chern character that control the S 1 -index theorem for all circle actions on a fixed vector bundle over a manifold (Thms. 2.4, 2.5), and the detection of elements of infinite order in the diffeomorphism groups of 5-manifolds associated to projective algebraic Kähler surfaces (Thms. 3.6, 3.7).
These characteristic classes are modeled on Chern classes and Chern-Simons classes for complex vector bundles, but with the structure group U(n) replaced by a gauge group G = Aut(E) or a larger group ΨDO * 0 of zeroth order invertible pseudodifferential operators (ΨDOs) acting on sections of a bundle E over a closed manifold M. Since finite rank Chern classes depend essentially on the ordinary matrix trace on u(n), it is natural to look for traces on the Lie algebra of ΨDO * 0 . These traces come in two types: one is built from the leading order symbol of a ΨDO, and in the gauge group case is just M tr(A) dvol for A ∈ Γ(End(E)) = Lie(G). The second is built from the Wodzicki residue of a ΨDO. These traces are quite different, in that the Wodzicki trace vanishes on Γ(End(E)), but they share the crucial property that they are both integrals of pointwise computed functions. Thus characteristic classes built from these traces are in theory as computable as finite rank Chern classes, a distinct advantage over the usual operator trace.
The leading order trace is fairly easy to work with. For example, the tangent bundle to the loop space LM is the sheaf-theoretic pushdown of ev * T M for the evaluation map ev : LM × S 1 −→ M, and the leading order Pontrjagin classes of T LM are related to the Pontrjagin classes of M. In 1 particular, these leading order classes are often nonzero. We can use these classes to restate the S 1 -index theorem as a statement on LM and to construct an equivariant universalÂ-polynomial on LM ×B, with B the space of metrics on M, which appears in the S 1 -index theorem for every action on M. We extend this to twisted Dirac operators by constructing a universal Chern character.
In contrast, the Wodzicki version of characteristic classes seems to be unrelated to the finite dimensional theory. While the Wodzicki-Pontrjagin classes vanish for T LM and conjecturally on all ΨDO * 0 -bundles, the associated secondary/Chern-Simons classes are sometimes nonzero. These WCS classes on T LM can detect nontrivial elements in π 1 (Diff(M k )) for many Sasakian 5-manifolds M k , k ∈ Z \ {0}. These manifolds are the total spaces of circle bundles over projective algebraic Kähler surfaces M, and come in infinite families for each such M.
In §2, we discuss leading order classes, and in §3 we discuss the Wodzicki classes. One common theme is the use of We use a L in §2 to discuss the S 1 -index theorem. To state the main result Thm. 2.5, let B be the space of Riemannian metrics on a spin manifold M, and let C be the space of pairs (∇, h), where ∇ is a connection on a fixed complex bundle E −→ M and h is a compatible hermitian metric on E. Then there is a "universal index form" U on LM × B × C such that for each S 1 action a on (E, ∇, h) −→ M and Riemannian metric g on M for which the action is via isometries, there is an embedding j = j (a,g,∇,h) : M −→ LM × B × C such that the S 1 -index of the twisted Dirac operator is given by ind
U. In §3, we use the relationship between a L and a D and some Kähler geometry to sketch the results on π 1 (Diff(M k )).
We would like to think that this work touches on several topics that appeared in Prof. Kobyashi's work: transformation groups (although only S 1 actions for us), and the interplay of Riemannian and complex geometry.
We were privileged to have known Prof. Kobayashi for many years. The second author was a graduate student at Berkeley when Prof. Kobayashi was department chair. At that time, the math department was in a turf war with another department over office space. Although graduate students in a large department had little direct contact with the chair, letters between
Prof. Kobayashi and the administration were regularly posted in the mailroom. In contrast to the typical American style of aggressively defending our territory against intruders, Prof. Kobayashi's letters said in so many words that he would like to give offices to the other department but regretfully could not. The reasons preventing the handover were always very complicated. This tactic seemed to confound the administration, whose puzzled replies took longer and longer to appear in the mailroom and finally ceased altogether. Already from this first encounter, which only involved reading letters, Prof. Kobayashi's gentle determination and sly humor were apparent.
Twenty years later, it was a great pleasure to re-encounter Prof. Kobayashi in Japan and to see that his mathematical mind and personality were unchanged.
Leading order classes and applications
2.1. Infinite rank bundles. Any discussion of infinite rank bundles involves some initial technicalities, just because infinite dimensional vector spaces have many inequivalent norm topologies.
In particular, the topologies on smooth functions on a compact manifold associated to different Sobolev norms are inequivalent.
Thus we first have to decide which vector space to use as the model for the fiber of an infinite rank vector bundle E −→ M over a paracompact base. Based on the examples in the introduction, we choose fibers modeled on Γ(E), where E −→ M is a fixed finite rank complex vector bundle over a closed, oriented manifold. It is important to specify which sections are allowed. From a Hilbert space point of view, it is easiest to work with L 2 sections, but of course such sections have no regularity. In contrast, working with smooth sections forces us to deal with Féchet spaces as fibers; since these spaces are tame in the sense of Hamilton, this is workable but more difficult. As a reasonable compromise, we usually work with the Sobolev space H = H s (E) of H s sections for s ≫ 0, as these sections are highly differentiable and form a Hilbert space.
We now have to decide on the structure group of E. The first natural choice of GL(H), the group of bounded automorphisms of H with bounded inverse, is too large: GL(H) is contractible, so every GL(H)-bundle is trivial. Fortunately, in the cases we consider, the transition functions lie in a gauge group or group of ΨDOs which have nontrivial topology.
To develop the analog of finite dimensional Chern-Weil theory for, say, the gauge group Aut(E), we need (i) an Ad-invariant analytic function P on End(E) = Lie(Aut(E)), and (ii) an Aut(E)-connection ∇ on E. This data will give a characteristic class [P (Ω)] ∈ H * dR (M, C), where Ω is the curvature of ∇. The same procedure works for a structure group of ΨDOs.
The determination of all invariant polynomials or analytic functions on End(E) is an interesting, perhaps difficult, infinite dimensional version of classical invariant theory. To avoid this issue, we recall that the polynomials A → tr(A k ) generate the invariant polynomials on u(n). By the same arguments, any trace on End(E), i.e. a linear map T : 
where Ω is the curvature of an Aut(E)-connection on E. The leading order Chern character is
We can similarly define leading order Chern classes.
2.2.
Leading order classes and mapping spaces. It is well known that the tangent bundle T Maps(N, M) is the pushdown of a finite rank bundle, as we now explain. At a fixed f ∈ Maps(N, M), take a curve η(t) ∈ Maps(N, M) with
gives the infinitesimal information in η at n. Thus an element of T f Maps(N, M) is a section
, where we take all smooth sections for the moment. This is summarized in the diagram ev
where ev : Maps(N, M) × N −→ M is the evaluation map ev(f, n) = f (n), π is the projection, and π * is the pushdown functor in sheaf theory: (π * ev
For g in the connected component T Maps(N, M) f of f , g * T M is noncanonically isomorphic to f * T M, and so the sections of these bundles are noncanonically isomorphic. In a neighborhood of f , we can choose these isomorphisms smoothly. This gives a local trivialization of T Maps(N, M) and implies that on overlaps, the transition functions are given by gauge transformations of the model fiber Γ(f * T M).
Similarly, a bundle E −→ M induces a bundle E = π * ev * E −→ Maps(N, M). The Chern classes of E are related to the leading order classes of E, as we now show; this has only been sketched before, and the proof below is joint work with A. Larraín-Hubach.
For n ∈ N, let ev n : Maps(N, M) −→ N be ev n (f ) = f (n). As n varies over N and f is fixed, ev * n E glues together to a bundle over N which is precisely f * E. Geometrically, for ∇ a connection on E with curvature Ω, f * E −→ N has the connection f * ∇ with curvature f * Ω which at n equals ev *
n Ω at f ∈ Maps(N, M).
Proposition 2.1. Assume N is connected and fix n 0 ∈ N. Let E −→ M be a complex vector bundle and set E = π * ev * E. Then
Proof. We have
Let γ n : [0, 1] −→ N be a path from n to n 0 . For n not in the cut locus C n 0 of n 0 , we can choose γ n so that γ n (t) is smooth in n and t. Set
is a homotopy from ev n to ev n 0 depending smoothly on n, so there is a chain homotopy
by the Bianchi identity. Thus
By [9, Thm. 4.7] , this lemma allows us to detect classes in H * (Maps(N, M), C).
The case N = S 1 is already important, as the cohomology of LM is given by a cyclic complex construction based on Chen's iterated integral [7] . It would be interesting to relate these two approaches.
2.3.
Leading order classes and index theory. The S 1 -Atiyah-Singer index theorem can be restated on loop space in a way that handles all isometric actions in one setting. This material extends work in [8] .
For a review, assume M is a closed, oriented, Riemannian manifold which is spin and has an S 1 action via isometries. S 1 is also assumed to act on (E,
where ∇ is an equivariant connection which is hermitian for the hermitian inner product h. In this setup, the kernel and cokernel of the twisted Dirac operator ∂ / ∇ E are representations of
The S 1 -index of ∂ / ∇ E is the corresponding element of the representation ring R(S 1 ):
where t k denotes the representation e iθ → e ikθ of S 1 on C, and a k ± are the multiplicities of t k in the kernel and cokernel of ∂ / ∇ E . Equivalently, for each e iθ ∈ S 1 , we define ind
The Atiyah-Segal-Singer fixed point formula computes ind S 1 (e ikθ , ∂ / ∇ E ) in terms of data on the fixed point set of a particular e iθ . As in [1, Ch. 8] , this can be rewritten as
Here Ω u is the equivariant curvature of the Levi-Civita connection on M,
u is the equivariant curvature of ∇ E , and ch denotes the equivariant Chern character. We rewrite (2.3)
with the left hand side evaluated at e −ikθ and the right hand side evaluated at θ. For the trivial action, (2.4) is exactly the ordinary index theorem.
As mentioned in the Introduction, the circle action a :
the action. LM has the rotation action r :
. This action is via isometries for the L 2 metric on LM:
Similarly, we can take the
average it to form the equivariant curvature Ω E u , and then take its equivariant Chern character ch( Ω E u ). The map a = a L : M −→ LM easily intertwines the actions a on E −→ M and r on E −→ LM.
From this, we easily get
1 -index theorem, we therefore obtain: Theorem 2.3. Let M be a compact, oriented Riemannian spin manifold with an isometric S 1 -action, and let E be an equivariant hermitian bundle with connection ∇ E over M. Then
It is easy to check that on the copy of M sitting inside LM as the constant loops,Â( Ω u ), ch( Ω E u ) reduce to theÂ-polynomial of M and the Chern character of E, respectively. Thus these forms give equivariantly closed extensions of these characteristic classes to LM. A very different construction of an equivariant Chern character on LM is given in [21] , based on ideas in [2, 7] . It is natural 1 Recall that we take H s sections, so this is a weak Riemannian metric on LM .
to conjecture that the equivariant classes of the two Chern characters are the same; see [15] for preliminary results.
The important point of Thm. 2.3 is that the action information on the right hand side is now contained in the "action class" a * [M], while the integrand only depends on the metrics on M, E.
In particular, the integrand is applicable to all isometric actions for fixed metrics.
In fact, we can remove this metric dependence from the integrand as follows. Let B be the space of metrics on M. B comes with a natural Riemannian L 2 metric g B , given at T g 0 B by
Here X = X ac dx a ⊗dx c ∈ T g 0 B and similarly for Y . Thus LM ×B has a metric h which at (γ, g 0 ) is the non-product metric determined by the L 2 metric on T γ LM given by g 0 and by g B on T g 0 B. We extend the rotational action on LM trivially to LM × B, and so obtain an equivariant curvature
F u , we mean that we restrict F u to tangent vectors in T LM, and the "endomorphism part" A of F u is replaced by
Since every S 1 action is isometric for some metric, this produces a universal equivariantÂ-polynomialÂ( Ω u ) on LM × B, i.e., an equivariantly closed form on LM × B such that the S 1 -index is determined by (i) the universalÂ-polynomial and (ii) the cycle of integration associated to the action and compatible metric.
Proof. (i) The Levi-Civita connection on a Riemannian manifold is characterized by
where α ♯ is the tangent vector dual to the one-form on LM × B given by
and we use the shorthand Y,
for one-forms ω (where for the Poincaré dual PD(γ) we may assume that γ is embedded 2 ), we have
where X ♭⊗ Y ♭ is the symmetric product of the one-forms
We also have
with i Y the interior product. Similarly, X, Z S = Z, i X S . We obtain for the Levi-Civita connection ∇ on LM × B:
where ∇ LM is computed for g.
The equivariant curvature on LM × B is given by
since (γ, 0) is the vector field of the action. It follows that
(ii) By Thm 2.3, we have
We now sketch the easier construction of a universal Chern character for a fixed bundle E −→ M.
where ∇ E is a hermitian connection on E for the hermitian metric h E . C fibers over H, the space of hermitian inner products on E, with fiber C h modeled on Λ 1 (M, End h (E)),
with End h (E) the space of h-skew-hermitian endormorphisms of E. This fibration is locally trivial:
(i) There is a coset H of the h-unitary frame bundle of E inside the bundle of GL(n, C)-frames such that A ∈ H iff A takes an h-orthonormal frame of E to an h ′ -orthonormal frame; (ii) C is h ′ -skewhermitian iff ACA −1 is h-skew-hermitian; (iii) For all h ′ close to h, we can make a smooth choice of A = A h ′ in a contractible neighborhood of the identity in Γ(End(E)), giving smoothly varying
. Thus C is a Banach or Fréchet manifold, a subset of H × A, where A is the space of connections on E.
The bundle E = π * ev * E −→ LM pulls back to p * E −→ LM × C under the projection p :
LM × C −→ LM. p * E has the connection given at (γ, ∇, h) by
where ∇ ∇ is the connection on E associated to ∇, and δ ω , δ T denote trivial connections in the A, H
for {e b } a local frame of E with dual frame {e a }, we define
The same result holds for Ω u . Tr( Ω k u ) and ch( Ω u ) are defined similarly. Let (∇, h) be an equivariant connection and hermitian metric for an action of S 1 on E. For the inclusion j :
In summary: 
Thus the "universal index form"Â( 
where it is a major drawback that our approach does not apply to this case.
We summarize the setup for Gromov-Witten theory, with more details in [8] . Let M be a closed symplectic manifold with a generic compatible almost complex structure. For A ∈ H 2 (M, Z), set 
is a locally trivial smooth fibration. It is shown in [8] that π is flat. As a result, we can relate Gromov-Witten invariants on M 0,k (A) to leading order classes on M 0,k−1 (A), at least in the case where the boundary of these moduli spaces is homologically small, i.e., the boundaries of the compactified moduli spaces have big enough codimension. This occurs for M semipositive, e.g. for many smooth projective Fano varieties. In this case, the Gromov-Witten invariants
. This is a very special case, as usually GW invariants involve the virtual fundamental class of the compactified moduli space.
To state a result, let α i be elements of the even cohomology of M. Since the Chern char-
Pullbacks and pushdowns of the E i are well defined virtual bundles. Let π * ch(E k ) be the usual pushdown/integration over the fiber of ch(E k ). In [16] , this class is called the string Chern class
GW invariants have been used very successfully to distinguish symplectic structures on manifolds. The leading order classes exist on the larger space C ∞ 0,k (A). There may be other symplectically defined cycles in this space that could be used similarly. For example, the moduli spaces are minima for the holomorphic energy functional on C 
with k − 1 occurrences of Ω t , where Ω t = dω t + ω t ∧ ω t , ω t = tω 0 + (1 − t)ω t . As usual, Since the connections are flat, the CS classes CS
Similarly, CS string classes are given by integrating over the fiber S 1 , so CS
To state the results, let χ be the vector field on ΩG associated to the rotation action on loops:
. Let i χ denote the interior product.
To describe the relationship between leading order classes and Donaldson invariants, we review the basic setup. Let P −→ M be a principal G-bundle over a closed manifold M for a compact semisimple group G. We denote by A * , resp. G, the space of irreducible connections on P , resp. the gauge group of P . For a connection A on P , let
be the covariant derivative associated to A on the adjoint bundle Ad P = P × Ad g. Then the
A forms the horizontal space of a connection ω on A * −→ B * . Let Ω be the curvature of this connection. Let
Lemma 2.8. For X, Y horizontal tangent vectors at A, we have
Lie(G) can be thought of as an algebra of multiplication operators via the injective adjoint representation of g. Equivalently, we can pass to the G-vector bundle Ad A * = A * × Ad Lie(G) with fiber Lie(G) and take the leading order classes of its associated connection dAd(ω), whose curvature
[Ω, ·] is usually denoted just by Ω. Either way, the leading order Chern form c
is given by M tr(Ω ∧k )dvol for some Riemannian metric on M. Here C ∧k is the endormophism on Λ k V determined by an endormorphism C on V . Below, we denote Ω ∧k by Ω k , with the caution that this is not the same as the Ω k occurring in the Chern character. (Ω) up to a constant.
For the µ classes, we take a ∈ H 2 (M, Q), and Donaldson's map µ :
Recall that µ(a) = i * (ν/a), for the slant product ν/ : Because these two-currents are Ad G -invariant, the usual Chern-Weil proof shows that C(ω) = C ω is closed. C is built from Ad G -invariant functions, but only the first term in (2.11) comes from an invariant polynomial in Lie(G) G . Nevertheless, we interpret (2.10) as a sum of "leading order currents" evaluated on ω.
Proposition 2.10. For a ∈ H 2 (M 4 , Q), a representative two-form for Donaldson's µ-invariant µ(a) is given by evaluating the leading order two-current
on any two-form Poincaré dual to a.
As with Gromov-Witten theory, there may be other significant cycles in B * not in M that could be detected by these leading order classes/currents.
Wodzicki classes and applications
In this section we discuss characteristic classes on infinite rank bundles built from the Wodzicki residue, the only trace on the full algebra of ΨDOs acting on sections of a fixed bundle. We will see that the Pontrjagin or Chern classes of these bundles always vanish, but the associated Wodzicki-Chern-Simons classes can be nonzero. We will then use these WCS classes to study diffeomorphism groups of a class of 5-manifolds.
In particular, we will find several classes of 5-manifolds M k with π 1 (Diff(M k )) infinite. In general, there seems to be little in the literature about the homotopy type of Diff(M) once dim(M) ≥ 3. have connection and curvature forms taking values in a larger group of ΨDOs. This is similar in spirit to a finite rank hermitian bundle with a non-unitary connection. In the finite rank case, the structure group GL(n, C) deformation retracts onto U(n), so any connection can be unitarized. In our case, the relevant group ΨDO * 0 of invertible zeroth order ΨDOs acting on sections of e.g. E = f * T M does not retract onto the gauge group. ΨDO * 0 seems to be an important group in infinite dimensional geometry. It is the intersection of the algebra of all ΨDOs with the group GL(Γ(E)) and so is the largest group of ΨDOs consisting of bounded invertible operators with bounded inverses. The Lie algebra of ΨDO * 0 is ΨDO ≤0 , the algebra of ΨDOs of nonpositive order; see [18] , where we first learned of the importance of this group and its Lie algebra. Thus we are forced to deal with these ΨDO-connections directly, and the Wodzicki residue is worth incorporating into Chern-Simons theory.
Recall that a classical ΨDO P acting on sections of E −→ M n has an order α ∈ R and a symbol
where S * M is the unit cosphere bundle over M with respect to a fixed Riemannian metric. It is nontrivial that res W is independent of coordinates and defines a trace: res
are computable microlocally at each (x, ξ), which is crucial for us. In contrast, the equivalent definition res W (P ) = res s=0 Tr(∆ −s P ), for any positive order, positive elliptic operator ∆ on Γ(E),
shows that the Wodzicki residue is a regularized trace, and makes the local expression (3.1) all the more remarkable.
Since the computation complexity of σ −n grows exponentially with n, we will just consider loop spaces (N = S 1 ). As a trace, the Wodzicki residue is an Ad-invariant polynomial on ΨDO * 0 , so we can define Wodzicki-Chern or residue classes for any ΨDO * 0 -connection on LM by Thus we are forced to consider Wodzicki-Chern-Simons (WCS) forms:
As usual, dCS
Of course, T LM is a real bundle, but unlike in finite dimensions, there is no a priori reason for the WCS classes to vanish if k is odd.
Finally, one might wonder if there are traces on ΨDO * 0 besides the leading order trace (and its distributional variants) and the residue trace. In fact, it is a theorem of [10, 11] that there are no more traces. However, analogous to the Pfaffian for so(n), there could certainly be Ad-invariant polynomials not built from traces on ΨDO ≤0 , or on the full algebra of ΨDOs, or on a geometrically interesting subalgebra. One step in this direction is the residue determinant in [20] , but a complete theory is unknown at present. given by
Here σ is a permutation of {1, . . . , 2k − 1}. It is very helpful that the covariant derivative of Ω M does not appear, as it would if we took WCS classes for string theory, i.e., Maps(Σ 2 , M).
For degree reasons, the form c
Thus the WCS class
is defined.
If we use the H s Levi-Civita connection, we obtain CS
. Therefore the s-independent information in this WCS class is given by setting s = 1; in physics terminology, we have successfully regularized the WCS class.
In contrast to finite dimensions, CS W 3 vanishes pointwise on 3-manifolds due to symmetries of the curvature tensor. Thus we will consider 5-manifolds. can give more precise information.
To begin the construction of M k , recall that an S 1 action a :
Clearly a L and a D are closely related, and the following Lemma makes this explicit.
Lemma 3.3. Let dim(M) = 2k − 1, and let a 0 , a 1 :
Here and from now on, CS (ii) Let a n be the n th iterate of a 1 : a n (θ, m) = a 1 (nθ, m). As pointed out to us by Alan Hatcher, it is not always the case that the fiber rotation is an element of infinite order in π 1 (Diff(M)). For the free action of S 1 on S 5 ⊂ C 3 given by a(e iθ , z) = e iθ z has quotient M = CP 2 . The action is via isometries for the standard metric on S 5 , and so
gives an element in π 1 (Isom(S 5 )) = π 1 (SO(6)) = Z 2 . Under the inclusion Isom(S 5 ) −→ Diff(S 5 ), this element has order at most two.
In general, let (M 4 , g, J, ω) be an integral Kähler surface, i.e. J is the complex structure, g is the Kähler metric, and the Kähler form is ω ∈ H 2 (M, Z). It follows from the Kodaira embedding theorem that M is integral iff it is projective algebraic. Fix k ∈ Z. As in geometric quantization, we can construct a S 1 -bundle L k −→ M with connection η with curvature dη = kω. Let M k be the total space of L k . Let R, R be the curvature tensors for g, g, respectively. By some careful computations relying heavily on the fact that g is Kähler, we obtain: 
We want to show 0 = where E is the set of orthonormal frames at all points of M. We note that these results tell us nothing if k = 0, i.e. for M 0 = M × S 1 . One would think this is the easiest case, but our methods fail here.
For specific Kähler metrics, we can give more precise results using (3. 
